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Another combinatorial proof of a theorem of Ree’s on permutations is offered. This 
proof makes use of the notion of the genus of pair of permutations. 
It is the purpose of this note to offer yet another combinatorial proof of a 
theorem of Ree’s [4]. The original proof made use of Hurwitz’ construction 
of the Riemann surfaces [2] and it was subsequently followed by at least two 
combinatorial proofs [ 1, 61. 
The number of factors in the disjoint cycle decomposition of the 
permutation P is denoted by IlPJl. The number of orbits of the group 
generated by the permutations P,, P,,... is denoted by c(Pi, P*,...). The 
composition of permutations is to be read from left to right. Ree’s theorem 
may be stated as 
THEOREM. If P,, P, ,..., P, are permutations of {  1, 2,..., n} such that 
PIP, ... P, = Identity, then 
2 (n - IIPjll) > qn - c(P1, p, ,...> pm>>. i=l 
ProoJ: Let S be a set of 2mn distinct elements which are la.belled si,j and 
ti,j (i = l,..., m and j = l,..., II). Let P and Q be permutations of S defined by 
(si,j) p = fi,j, (ti,j) p = si,jv 
(Si.j) Q  = si.ti)p,? 
(tj.j) Q = ti+ l.j (add. mod m). 
* This investigation was supported by University of Kansas General Research Allocation 
#3233-X0-0038. 
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First count the orbits of the group generated by P and Q. Clearly si,j and 
fi.j belong to the same orbit for each (i,j). Moreover, s~,,~ and s,,, belong to 
the same orbit if and only if there is a sequence P,,, Pi2,..., Piy such that 
(3 pi,piz **. Pix = 4. Hence these orbits are in a one to one correspondence 
with the orbits that the original Pi (i = l,..., m) determine on ( 1, 2 ,..., n}. 
Consequently, c(P, Q)= c(P1,...,P,). 
It is easy to compute that liPI = mn and I] Ql] = n + x7=, llPil/. Since 
PIP, ... P, = Identity it follows that PQ has II cyclic factors each of which 
has the form 
(s .t .s t s 1,J 2,J 2,t.,)P2 3.t,)Pz 3,(i)P2P3 “’ s 
Hence lIPQlI=n. H owever, it was shown in [5 ] that 0 < y(P, Q) where 
YV’, Q> = 4’> Q, - fttlpll + IIQII + IIPQII - 1% 
and hence 
0 < c(P1 )...) P,,) - i 
i, 
mn + n + q' JIPJ fn - 2mn 
iZ1 1 
The conclusion of the theorem now follows immediately. Q.E.D. 
This proof differs from the previous ones [ 1, 4, 61 in that it provides a 
technique for reducing questions about c(P, ,..., P,) to the special case m = 3. 
In that case Ree’s inequality is equivalent to the inequality 0 < y(P, Q) 
quoted from [5]. The author believes that an explanation of the source of 
this proof would be of interest, and this calls for a brief review of Hurwitz’ 
construction. One starts with n copies E,,...,E, of the extended complex 
plane, each of which contains a copy of the configuration in Fig. 1. Each 
copy of each Ii is then slit and the resulting boundaries are then marked as in 
Fig. 2. The copy of 1: in Ej is identified with the copy of Z,: in ECIjP,. The 
FIGURE 1 FIGURE 2 
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resulting polyhedron has n regions: mn edges, n + Cy= 1 jiPilj vertices, and 
c(P1,...,Pm) components. Label the incidence of 1: on Ej by siqj, and let ti,i 
denote the incidence of 1; on Ej. Then Q describes the branching that occurs 
at all the points ai, whereas the cyclic factors of PQ describe the clockwise 
boundaries of the regions of the polyhedron (the so called sheets), It is easily 
verified that the genus of this Riemann surface, as determined by the 
Euler-PoincarC formula, is identical with the parameter y(P, Q) which 
appears in the above proof. 
It might also be of interest to note here that Ree’s theorem implies the 
necessity of the condition stated in Theorem 1 of [3]. 
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